Following Marleau [1], we study an extended version of the Skyrme model to which a sixth order term has been added to the Lagrangian and we analyse some of its classical properties.
ensures finiteness of the energy for any field configuration and it also implies that the three dimensional Euclidean space on which the model is defined can be compactified into S 3 . As a result, the Skyrme field U corresponds to mappings from S 3 into SU(N).
Skyrme's idea was to interpret the winding number associated with these topologically non trivial mappings as the baryon charge.
The model is described by the Lagrangian
where R µ = (∂ µ U)U −1 is the right chiral current, F π = 189Mev is the pion decay constant and a is a dimensionless parameter. The first term in (1) is the non-linear σ-model and one can easily show using a scaling argument that with this term alone static solutions cannot exist. The same argument shows that one must add to the Lagrangian terms involving higher derivatives. This argument led Skyrme to add the second term, usually referred to as the Skyrme term, in (1) which is the simplest one that preserves the SU(N)
and Lorentz invariances.
The Skyrme model can be generalised by adding terms involving higher order derivatives in the Lagrangian (1) [7, 1, 8, 9] . Doing this, one introduces extra parameters that can be tuned in to increase the quality of the Skyrme model as an effective low energy limit of QCD. For example in [7, 10] the sixth-order term was used to take into account the ω-meson interactions when computing the central Nucleon-Nucleon potential. In a different context Marleau studied the model where a large number of higher order terms were included in the Lagrangian [1, 8, 9] and where, to avoid the introduction of a large number of extra parameters, the coefficients of these extra terms were all related to the coefficient of the Skyrme model.
In this paper we will consider the simplest possible extension of the Skyrme model i.e.
defined by the Lagrangian (1) to which we add the sixth-order term
The unknown coefficient c 6 denotes the strength of this term and will be left as a free parameter of the model. This particular choice of a sixth-order term is not accidental as it is the only term that preserves the Lorentz invariance and the SU(N) symmetry of the model and leads to an equation of motion that does not involve derivatives of order higher than two. This is the term that was used in [7] .
In this paper we will focus our attention on the static solutions of the extended Skyrme model and thus consider fields that do not depend on time. It is also convenient to define the dimensionless parameter κ = 192c 6 F 2 π a 4 and to introduce the dimensionless units y = x √ 2/(aF π ) 1 + √ 1 + κ so that the energy of the model can be written as
where Λ = F π /(4 √ 2a) 1 + √ 1 + κ and λ = κ/(1 + √ 1 + κ) 2 . The parameter Λ is the energy scale of the model. In what follows it will be convenient to use the dimensionless energy expressed in the so-called topological units i.e.
We have chosen this parametrisation of the model so that λ ∈ The Euler-Lagrange equations derived from (3) for the static solutions are given by
As mentioned above, an important property of the Skyrme model is that its field corresponds to a mapping from S 3 into SU(N) and as π 3 (SU(N)) = Z each configuration is characterised by a an integer which can be obtained explicitly by evaluating the expression
which following Skyrme's idea is interpreted as the baryon number. Moreover the following inequality holds for every configuratioñ
Our extended Skyrme model depends on three parameters: F π , a and c 6 or using the dimensionless units, Λ, k and λ. To determine the physical values for these parameters, we can evaluate different quantities. As our analysis will be purely classical, we will use for this purpose the total energy (3) and the isoscalar mean square matter radius given
where
Notice that after performing the scaling x → x √ 2/(aF π ) 1 + √ 1 + κ we can define the matter radius evaluated in dimensionless units as
One can see from the definition ofẼ andR that the ratio of energy or matter radius for different solutions only depends on λ. In the following section we will evaluate the energy and radius of multi-Skyrmion solutions for the general model and evaluate these two quantities with the corresponding value for the single Skyrmion and compare them directly to the experimental ratio:
So far all the studies of the classical properties of generalised Skyrme models have been focusing on the properties of the single skyrmion (B = 1) [10, 7, 1, 8, 9] . In section 2 we compute numerically multi-skyrmion configurations for B = 2 to 5 and compare the energy and the radius of these solutions with the experimental values.
It was shown recently [2, 12] that multi-skyrmion configurations, ie B ≥ 2, can be studied systematically using as an approximation the so-called harmonic map ansatz. In section 3 we approximate the multi-Skyrmion solution both for the SU(2) and SU(3) model using this ansatz. We compare the results obtained with the numerical solutions and we show that the harmonic map ansatz provides a good approximation for the multiSkyrmion solutions of the extended model as well.
Numerical Solutions
In this section we investigate the multi-Skyrmion solutions of the extended SU(2) Skyrme model by solving the static Euler-Lagrange equation (5) of the model numerically. Computing the static solutions of such a three-dimensional model is rather difficult and requires a large amount of computing power. As one has to be very careful when assessing the accuracy of such numerical results, we are giving in the Appendix a discussion of the numerical methods that we have used.
To compute the solution numerically, it is more convenient to describe the SU(2) fields using a four-component vector φ of unit length, |φ| 2 = 1, which is related to the unitary field by U = φ 0 I + i τ · φ where I is the unit matrix and τ are the Pauli matrices. The expression for the energy (4) then becomes
and the Euler-Lagrange equations derived from (13), after adding a Lagrange multiplier to impose the constraint |φ| 2 = 1, are given by
To compute the B = 1 solution, we use the so-called hedgehog ansatz
where r, θ and ϕ are the usual spherical coordinates. Plugging (14) into (12) one minimises the energy for the profile function f (r) which then has to satisfy an ordinary differential equation. This is a very special case of the harmonic map ansatz discussed in the next section, so we will just say at this stage that the solutions are radially symmetric and that the λ dependence of the energy and the radius of the solutions are given on Figure 1 . The fact that the energy decreases with λ is entirely due to our choice of parametrisation; the real quantities one has to look at are the energy and radius ratio (11).
As described in the Appendix, solving (13) accurately is rather difficult. For this reason the case B = 2 was solved differently. It is indeed well known that the usual B = 2 static solution is axially symmetric [13, 16, 14, 15] and we found that this is also true for the extended Skyrme model. Knowing this, we can reduce the system of equations for these solutions to a two-dimensional system by using the ansatz where ϕ = atan(y/x). The two profile functions, f (ρ, z) and g(ρ, z) are functions of the usual axial coordinates ρ = √ x 2 + y 2 and z and they satisfy the following boundary conditions:
Substituting (15) into (12) we get
and the corresponding Euler-Lagrange equations are given by
and
The advantage of having a two-dimensional system is that we can use much larger grids and obtain much more accurate results. As discussed in the Appendix, we have also compared the B = 2 solutions obtained by solving (13) and (18), (19) in order to evaluate the accuracy of the method we used to solve (13) numerically.
In figures 2 to 5, we present the λ dependence of the energy and radius ratio for the B = 2 to B = 5 multi-Skyrmion solutions. We see that in each case the energy ratio decreases when the coefficient of the sixth-order term increases while on the other hand, the radius ratio increases thus making the multi-Skyrmion solution broader in all cases except for B = 2. Tables 1 and 2 
Harmonic map ansatz
In this section we will use the rational map ansatz to compute configurations that approximate solutions of the extended Skyrme model. We will then use these configurations to evaluate the energy and radius of the multi-Skyrmion configurations, check how these properties depend on λ and compare these results to the ones obtained for the numerical solutions.
The rational map ansatz, introduced by Houghton et al. [2] is an extension of the hedgehog ansatz found by Skyrme, which using the usual polar coordinates is given by
In the hedgehog ansatzn is a unit length vector describing the one-to-one mapping of the two-sphere into itself and g(r) is a profile function satisfying the boundary conditions g(0) = π and g(∞) = 0. The rational map ansatz consists in using forn(θ, ϕ) harmonic maps from S 2 into S 2 while keeping the same boundary conditions for g. One can easily
show that the baryon number for such a configuration is given by the degree of the harmonic map. To approximate a solution of a given baryon charge, one takes forn the most general rational map of the given degree, inserts the ansatz into the expression for the energy and tries to minimise this expression with respect to the parameters of the rational map and the profile functions g. When doing so, the integration over the radius r and the angular variables θ and ϕ decouple and the rational map appears only in two expressions integrated over the whole sphere. One of them can be evaluated explicitly and is equal to The experimental values (fm) correspond to nuclei with minimum mass. [11, 18, 19, 20] the degree of the harmonic map while the other must be minimised with respect to the parameters of rational map. Doing so leads to a unique rational map, up to an arbitrary rotation, which describes the radial dependence of the Skyrmion configuration. Then 
where P (θ, ϕ) is an N × N projector. As we want to study some solutions of the SU (3) model as well, we will use the generalised construction. At this stage it is convenient to introduce the complex coordinate ξ = tan(θ/2)e iϕ which corresponds to the stereographic projection of the unit sphere onto the complex plane.
The procedure to minimise the energy is the same as the one outlined above where the projector will be taken as a harmonic map from S 2 into CP N −1 i.e. a projector of the form [21]
where f is a N components complex vector whose entries are all rational functions of ξ.
The degree of the harmonic map is given by the highest degree of the components of f and the baryon number is again given by that degree.
Substituting the ansatz (21) in the general expression of the energy density (4) we get
where :
The integral N is nothing but the energy of the two-dimensional Euclidean CP N −1 σ-model and for the harmonic projector it is equal to the degree of the harmonic map,
As I and M are independent of r they can be minimised with respect to the parameters of the harmonic maps. In what follows we will prove that M is identically zero so only I will have to be minimised, something which was already done in [2] and [12] . The minimisation of the energy with respect to the profile function g(r) is then straightforward.
To prove that M vanishes, we need to use some properties of the projectors given by (22) where ∂f /∂ξ = 0. First of all, it is easy to check that P P ξ = 0 and
where P ξ denotes the derivative of P with respect to ξ and from this we have P P ξ P = 0 and thus
Using (27) we notice that
proving that
and thus that M in (24) is identically zero.
As a result, the energy density (23) simplifies further and if we treat N and I as two parameters then one can minimise the energyẼ by solving the following Euler-Lagrange equations for g
We see from our analysis that the harmonic maps for the extended Skyrme model are the same one as the usual Skyrme model. The harmonic map ansatz predicts thus that the solutions of the usual and the extended Skyrme models have the same symmetries.
This has been confirmed by the numerical solutions. The only difference, for the ansatz, between the two models comes from the profile function. This is due to the presence of the extra terms appearing in (30).
In Table 1 we list the minimum energy for the harmonic maps that we will use later together with the corresponding value for I.
Energy and radius ratios for the SU(2) model
In this section, we analyse how the properties of the multi-Skyrmions rational map ansatz depend on the parameter λ. Using the value of I given in Table 1 , we compute the profile g by solving (30) and evaluate both the total energy and the radius of the configurations.
SU(2)
SU(3) Table 3 : Harmonic maps f (ξ) minimising the angular integral I for SU (2) [2] and SU (3) [12] .
The 5* and 5** configurations denote saddle points that we also consider.
In Figures 6 to 9 , we show the energy ratio and the radius ratio defined in (11) for different values of the baryon number. At this stage we would like to remind the reader that λ = 0 corresponds to the pure Skyrme model while λ = 1 is equivalent to the pure Sk6 model.
Moreover, the ratio presented on the figures only depends on λ i.e. the mixing between the two Skyrme terms. When B ≥ 6, the graphs we obtained were all similar to Figure 5 .
When comparing these results with the numerical solutions, we notice first of all that the energy ratio predicted by the ansatz is always too large. Apart from this, the prediction for the energy is rather good except for the case B = 2 where the energy difference between the numerical solution and the rational map ansatz is 7 times as large for the Sk6 model than for the pure Skyrme model.
We also notice that the graphics obtained for the numerical solutions do not exhibit local minima as observed on the graphs obtained for the harmonic map ansatz. The only exception is the radius ratio obtained for the B = 5 exact solution but the effect is so small that it could be a numerical artefact.
The radius ratio obtained with the harmonic map ansatz is always too large when compared with the radius ratio of the exact solution. For B = 2, the radius ratio increases with λ and the error only gets worse as λ increases. The case B = 3 is rather surprising as the radius ratio has a deep local minimum around the value λ = 0.3; this is where the relative error is the smallest, otherwise the relative error is smaller for the pure Sk6 Table 3 . The first one has octahedral symmetry whereas the second gives a toroidal Skyrme field [2] .
For the case of B = 5 * , shown on Figure 10 , we see that the binding energy is slightly larger than 5 for the pure Skyrme model and that it decreases when the strength of the sixth-order term increases, going through the experimental value 4.97 when λ ≈ 0.1.
The second case, shown on Figure 11 , is the only example where we have seen a local maxima for the energy ratio that is larger than the energy of both the pure Skyrme and Sk6 model. 
In this section we look at the harmonic maps configurations for the SU(3) models [12] .
The harmonic maps that we will use and the corresponding values of I are all given in Table 3 . The single SU(3) skyrmion is the well-known hedgehog ansatz and it is just an embedding of the SU(2) solution.
Notice that the numerical constant A N appearing in (30) and (23) is now equal to 4/3.
We should stress here that these configurations approximate solutions that are believed to be saddle points of the energy. Their energy is larger than the corresponding SU (2) embeddings and they have a different symmetry as well. It is interesting to notice that unlike the SU(2) model, the energy of the B = 2 solutions increases with λ. For a given B and a fixed value of λ, the energy ratio of these configurations is always larger than the energy ratio of the corresponding SU(2) solutions, while on the other hand, the radius ratios is always smaller.
It is also interesting to notice that the λ dependence of the energy and radius ratios where
, and rewrite (23) as
and so it is relatively close to 1 for all values of λ. In Table 4 , we give the values of N ′ and I ′ for the SU(3) ansatz and we notice that the SU ( In tables 5 and 6 we compare the energies and the radius ratios, obtained for the SU(2) and SU(3) model using the rational map ansatz. We also compare these values with the SU(2) numerical solutions. Table 6 : Radius ratio, E B /E B=1 , for the SU (2) numerical solutions, and the SU (2) and SU (3) rational map anstaz configuration.
Conclusions
We have studied an extension of the Skyrme model defined by adding to the Lagrangian a sixth-order term. We have computed the multi-Skyrmion solutions of the extended model for up to B = 5 and we have shown that they have the same symmetry as the pure Skyrme model. We have analysed the dependence of the energy and radius of the classical solution with respect to the coupling constant λ. We found that the addition of the sixth-order term makes the multi-Skyrmion solution more bound than in the pure Skyrme model and that it also reduces the solution radius.
We have also used the harmonic map ansatz to approximate the numerical solutions and we found that the ansatz works as well, and in many cases even better, for the extended model than for the pure Skyrme model.
A APPENDIX
In this appendix we describe the numerical methods that we have used to compute our numerical solutions.
A.1 3 Dimensional Solutions
To compute the three dimensional solutions described in section 2, we discretised the static equations using finite differences and we solved them using the relaxation method.
We used the fixed boundary condition, taking the vacuum value for the field on the edge of the grid.
The values obtained for the energy and the radius with our methods are affected by two sources of inaccuracy. The first one is the finiteness of the grid which, by distorting the field slightly, increases the value of the energy. The second one is the fact that finite differences systematically underestimate the value of the energy. One could of course hope that the two effects cancel out, but as it is difficult to evaluate their order of magnitude one has to experiment and reduce them both as much as possible.
To reduce the edge effects, we computed the same solutions on grids of different sizes L but keeping the lattice spacing dx = L/N constant, where N is the number of lattice points in each direction. We then looked at how the energy changed as a function of the size and chose a value for L for which the energy is only slightly affected by the edge effects.
The finite difference scheme we used is of order two, so when we evaluate the total energy we can write
In theory, E 1 = 0 but in practice it is a small but non-zero coefficient induced by the edge effects. To improve the evaluation of the energy for a given solution, we computed the solution for at least three different values of dx using a grid of size L for which the edge effects are sufficiently small. We then fitted these values to the coefficient E 0 , E 1 and E 2 in (32) getting E 0 as a better estimation for the energy. Notice also that E 2 is always negative and that |E1| * dx ≪ |E2|. When this last condition is not satisfied one must conclude that the edge effects are large and one must increase L. To check our evaluation we performed the same interpolation for the topological charge Q = Q 0 + Q 1 dx + Q 2 dx 2 + O(dx 3 ). As we know that it must be an integer B, the quantity (B − Q 0 )/B is a good estimation of the relative error on the topological charge but also on the energy E 0 .
For the solution B = 2 . . . 5 we used a box ranging from −8 to 8 in all directions and we used grids of 100 and 120 and 140 points. We also found that for a given value of B, E 2 did not change much with λ. We were thus able to evaluate it for a few values of λ and used an extrapolation for the other values. We also found that the relative error on the energy was smaller than 0.5%.
As an alternative method to evaluate the energy we have considered computing the quantity E/Q, as if E 2 and Q 2 were comparable, we would not have to compute the solutions for different values of dx. Unfortunately we found that with our discretisation, Q 2 is about 50% larger than E 2 and as a result the value we get for E/Q increases when dx decreases and thus underestimates the energy value.
To evaluate the radius, we have used the same method, but for this quantity the integrand decreases more slowly towards infinity and as a result the value is more affected by the finiteness of the grid. We believe that the overall behaviour of the radius ratio graph can be trusted but some of the fine details might be numerical artefacts.
To double-check our results, we have computed the B = 2 axially symmetric solutions by solving (18) and (19) on a two-dimensional grid. This made it possible to use many more points and much larger grids. When using the grid defined by z ∈ [−20, 20] and r ∈ [0, 20] taking dx = 0.05 the error was smaller than 0.1% and we found for example E = 2.378 for the pure Skyrme model. When computing this solution by solving the three-dimensional equation using the method described above, the difference between the two energies was less than 0.1%, thus validating the methods that we used.
The energy values that we obtained for the pure Skyrme model all fit within 1% the value given in [13] except for B = 2 where the error is 1.5%. As the numerical methods and the type of grid used are not described in [13] it is difficult to make any further comparison between the numerical results.
A.2 profiles
To compute the profile functions for the hedgehog ansatz or the harmonic map ansatz we have used both the shooting and the relaxation methods. We have in every case compared the solutions obtained with grids of different sizes and different number of points to ensure that our results were accurate and that they were not affected by edge effects. We were led to use very large grids, R max = 80, to get an accurate value for the radius as well as up to 160000 lattice points.
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